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Abstract—Connected systems with switching between three linear discrete-time subsystems are
considered, and a new frequency-domain criterion for the existence of a quadratic Lyapunov
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1. INTRODUCTION

The theory of discrete-time systems has been actively developing lately. Various aspects of this
theory have been discussed in relatively recent publications [1-7]; also, see the bibliography therein.
This paper is devoted to the quadratic stability problem of connected discrete-time systems [3]
with switching between three linear stationary subsystems under any switching laws. The term
“connected system” will be explained below. By quadratic stability we mean the stability of
a system that can be established using a Lyapunov function from the class of quadratic forms
or quadratic Lyapunov functions (QLFs). For a connected system with switching between two
subsystems, this problem is equivalent to the absolute stability problem of a discrete-time system
with a single nonlinearity [3], and a quadratic stability criterion for such a system is the well-known
Tsypkin’s criterion [8]. In the case of switching between two subsystems, connectedness means that
the rank of the difference of the matrices determining the switched subsystems is one.

For connected discrete-time systems with switching between three linear subsystems, a frequency-
domain criterion for the existence of a QLF was established in [3]. The disadvantages are an
excessively cumbersome procedure for obtaining this criterion and an excessively cumbersome form
of the final result. They can be explained as follows. The quadratic stability of a switched system
ensues from the existence of a common quadratic Lyapunov function (CQLF). In the case under
consideration, the existence of a CQLF is determined by the feasibility of a system of three Lyapunov
linear matrix inequalities (LMIs) for discrete-time systems. This system of LMIs is connected,
and one resulting matrix inequality equivalent to it was derived in [3]. However, (a) this matrix
inequality is not an LMI and (b) the frequency-domain conditions of its feasibility cannot be
obtained based on the generalized Kalman—Szegé—Popov lemma [9, 10], as it was done in [3] in the
case of Tsypkin’s criterion. To overcome inconvenience (b), a fractional linear transformation was
used in [3] to pass from the system of LMIs for discrete-time systems to the equivalent system of
Lyapunov LMIs for continuous-time systems. The resulting matrix inequality for this system is
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656 KAMENETSKIY

again not an LMI, but its feasibility conditions were established in [3] in the form of a frequency-
domain criterion based on the frequency theorem [11, p. 54] (the Kalman—Yakubovich—Popov
(KYP) lemma). The conditions of this criterion are expressed through the elements of a “transfer
matrix” for the continuous-time system obtained by the transformation. Finally, using a rather
cumbersome procedure, these elements are expressed through the elements of the “transfer matrix”
of the original discrete-time system.

In this paper, we apply a new result (Theorem 2 of [12]) to the original system of three Lyapunov
LMIs for discrete-time systems to obtain an equivalent resulting matrix inequality that is an LMI.
Next, we demonstrate that the feasibility of this LMI can be established by the generalized Kalman—
Szeg6—Popov lemma in the frequency-domain criterion form. This yields a new frequency-domain
criterion for the quadratic stability of the systems under consideration, the main aim of the paper.

Section 2 describes the system of three Lyapunov LMIs for discrete-time systems, whose feasi-
bility is equivalent to the quadratic stability of the systems under consideration. The main result
of this paper—the frequency-domain criterion for quadratic stability—is presented in Section 3.
A numerical example of a third-order system is provided in Section 4; for this system, the proposed
criterion is applied to analytically find the entire quadratic stability domain on the parameter.

2. PROBLEM STATEMENT

Consider a linear discrete-time switched system of the form
r(t+1)=AM)x(t), A(t) € A={A;, Ay, A3}, (1)

where As € R™*™ and A(t) : Zy — A is a mapping from the set Z of nonnegative integers into A.
By assumption, the matrices A, are stable (Schur, see [13]), i.e., r(As) = m9x|ul,(As)| <1 for

s = 1,3, where p,, denote the eigenvalues of the matrix As. The stability of the switched system (1)
will be analyzed using QLF's of the form

v(z) =z Le, L=L" = ||y}, (2)

where the symbol {-} T means transpose.

According to [3], the existence of a QLF (2) is determined by the feasibility of the system of
LMIs
I,=AlLA,—L <0, s=T1,3. (3)

System (1) is connected [3] if the matrices {A;, A2, A3} can be represented as

A = A,

Ay = A+ bic, 4
2=A+ha bi, c; € R™. )
As = A+ byeg

In this case, system (3) can be written in the form

II=A"TLA-L<0,
Io=(A+bic] ) L(A+bie])— L <0, (5)
I3 = (A+bycg ) L(A+byeg ) — L < 0.

The problem under consideration is to obtain a frequency-domain criterion for the feasibility of
the system of LMIs (5).
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A FREQUENCY-DOMAIN CRITERION FOR THE QUADRATIC STABILITY 657
3. SYSTEMS WITH SWITCHING BETWEEN THREE LINEAR
DISCRETE-TIME SUBSYSTEMS

To investigate the feasibility of system (5) we use Theorem 2 of [12]. In the formulas below, the
symbols “e” denote the elements below the principal diagonal of an appropriate symmetric matrix
that coincide with the corresponding elements above this diagonal.

Theorem 1. Let the inequalities in the system
L1 <0, L=L+Q:1 <0, I3=L+0Q2<0 (6)

be LMIs with respect to the unknown wariable v, ie., I;=1I4(v), s=1,3, and Q;(v)=
pj(y)q;-— +qujT(V), where pj = pj(v) linearly depends on v and q; is independent of v, j =1,2.
Then system (6) is equivalent to the single matriz inequality

T T T
Li(v) m(v)+ Elcn p2(v) —p1(v) + 52% — 51(]1
(o)" J —T3

which is an LMI with respect to (v, Ty, T2, T3).

With Theorem 1 applied to system (5), the feasibility of system (5) becomes equivalent to
the feasibility of the single matrix inequality with respect to the elements of the matrix L and
the three additional parameters 71,72, 73. The applicability of Theorem 1 to system (5) and the
resulting matrix inequality follow from the relations below. Let the matrix I;(r) be the matrix
(ATLA — L) of system (5), i.e., I1(v) = I;(L) = AT LA — L. (The role of the parameter v is played
by the matrix L.) The difference of the matrices (Io—1I7) from (5) can be represented as p1q{ +q1p{ :

Iy— I = AJ LAy — Al LA = (A+byc] )" L(A+bie] ) — ATLA
= (ATL4+¢e1b] L)(A+bie] ) — ATLA (8)
= ATLbic] + 1 LA+ ¢1b] Lbic] .
With the notations p{ = p{(L) = ATLby and §11 = 611(L) = b] Lby, we have
=TI =ple] +a(p)" + dueie] =pig) + @, 9)
where p1 = py(L) = AT Lb, + (éllT(L)> c1 and ¢ = ¢1.
Similarly, let p9 = p3(L) = AT Lby and 699 = 29(L) = by Lbo; then
Is— Iy = phey +ca(p3) " + ba2cacy = paqs + q2py, (10)

where py = po(L) = AT Lby + (%QT(LW co and g2 = ¢a.

Thus, by Theorem 1, system (5) is equivalent to the single matrix inequality

T T T
ATLA — L pl(L) + 5161 pg(L) — pl(L) + 5202 — 5101
7 TN —To + T
L= (o)" —T1 . 22 : <0, (11)
O} . —T3

which is an LMI with respect to (L, 71,72, 73).
Now we demonstrate that the feasibility of the LMI (11) is determined based on the generalized
Kalman-Szeg6-Popov lemma [10].
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658 KAMENETSKIY

Lemma 1. The LMI (11) is equivalent to the LMI

ATLA-L ATLB+ or
2 | <o, (12)

~

.
BTLA+ % BTLB-T

where

~ G

B:(El E’g)z(bl bg—bl), 62(6'1 CAY2)=<¢1 02—7101)7

T2
= 0 = —T1+To— T3
0 T2 ~
[ ] T3
The proof of Lemma 1 is given in the Appendix.

Necessary and sufficient conditions for the feasibility of the LMI (12) are determined in the form
of a frequency-domain inequality from the generalized Kalman—Szeg6—Popov lemma [9, 10]. As a
result, we arrive at the following quadratic stability criterion for system (1).

Theorem 2. Let the matriz A be Schur (r(A) < 1), and let there exist numbers 7s > 0, s = 1,3,
such that I' > 0 and the frequency-domain inequality

D\ =T +Re[1CT (A= AE,)"'B] >0 (13)

holds for all A € C, |\| = 1, where E,, is an identity matriz of dimensions (n x n). (In this inequal-
ity, Re W = (W + W*) /2, W* = W' is the Hermitian conjugate to W from this point onwards,
the symbol {_} means complex conjugation and the inequality sign is interpreted as the positive
definiteness of an appropriate Hermitian form.) Then the connected system (1) has a CQLF (sys-
tem (5) is feasible, and system (1) is stable). If system (5) feasible, then such a set of numbers
Ts >0, s =1,3, ewists.

Let us write the frequency-domain condition (13) in detail. It seems logical to treat W(p) =
CT(A —pEn)_lB, p € C, as an analog of the transfer matrix for system (1), where C' = (cl 02)

and B = (b1 bg). With the notation A(p) = (A — pE,)"", we have

w11 w12
w1 W22

W(p)=C'A(p)B = ( ) , where wi;(p) = ¢; A(p)b;. (14)

For the sake of simplicity, we eliminate the hats, using 7, instead of 75. From (13) it follows that

D(\) =T +ReTW(\) =T +1/2 [TW(\) + W (N7 ],

where
- T
W) =CTAWN)B (q o — T—;cl) AN (b1 by — bl)
’wu()\) w19 ()\) — ’wu()\)
B way (N) — :—;wn()\) waa(N) — :—;wu()\) —war(A) + :—;wn()\)
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Finally, we write the inequality D(A) > 0 from (13) as

DY) =T+

1 211 Re w1y T1W19 + ToWs1 — 271 Re w1
>0
)

(o) 211Re (w11 — wi2) + 2mRe (wo2 — woy

(For the sake of brevity, w;; is taken instead of w;;(\).)

Remark 1. Theorem 2 remains valid when replacing inequality (13) with inequality (15), where
wij = wij(N)= ¢ AN)bj, 0,5 = 1,2.

If system (1) is a triangular switched system [3], i.e., ¢; = co £ ¢, then wy; = wyy = Wy =
c"A(N)by and way = wiz £ Wy = ¢ A(A\)by. In this case, inequality (15) can be written as

—T1+T2—T3+T1W2+T2W1
1+ ReW — 11Re W/
p(y = | Re T 2 S BN} (16)

(o) 73 + (72 — 71) (Re W5 — Re W)

Remark 2. For the triangular system (1) (¢; = c2 = ¢), Theorem 2 remains valid when replacing
inequality (13) with inequality (16), where W; = W;(A) = ¢ A(\)bj, j = 1,2.

Compare conditions (15) and (16) of the criterion in Theorem 2 for connected switched systems
and triangular switched systems with those of Theorem 2 from [3] and their modification for
triangular systems (formulas (6.3)—(6.5) from [3]). Significant progress is evident.

Remark 3. Inequalities (13), (15), and (16) are linear in the parameter 7; therefore, without
losing generality, let 73 = 1 in these inequalities. Thus, the inequalities under consideration will
contain only two additional parameters each: 7 > 0 and 75 > 0.

The well-known Tsypkin’s criterion [8] is a quadratic stability criterion under switching between
two subsystems. The criterion of Theorem 2 can be considered an analog of Tsypkin’s criterion
under switching between three subsystems.

4. NUMERICAL SOLUTION

The quadratic stability problem for system (1) is numerically solved by applying standard soft-
ware tools for checking the feasibility of the system of LMIs (5) of dimension 3n with respect to
n(n—+1)/2 unknowns. Due to Lemma 1, it is possible to check the feasibility of the single LMI (12)
of dimension (n + 2) with respect to n(n + 1)/2 4+ 3 unknowns instead of the system of LMIs (5).
This transition allows significantly simplifying the problem, especially for large n.

5. AN EXAMPLE

Consider a connected switched system of the form (1) from the example presented in [3]. In this
example, the matrices A in (1) are given by (4) with

0 0 —05 0 0
Ai=A=[05 0 —15]|, bi=k |0, bo=ks [1],
0 05 —1.5 1 0

(17)

0
cp=co=c=|0],
1

AUTOMATION AND REMOTE CONTROL Vol. 85 No. 7 2024



660 KAMENETSKIY

where k; > 0 are the parameters determining the stability domain of the switched system. Then
the matrices Ay and A3 take the form

0 0 —05 0 0 —05
Ay=05 0 —15 |, A3=[05 0 —15+k|. (18)
0 05 —1.5+k 0 05 -—15

In the sequel, system (1) with the matrices A5 (17), (18) will be referred to as system (1;17).

Re-examining the example from [3] can be explained as follows. In the example from [3], given
k1 = ko = k, the entire quadratic stability domain on the parameter k was found. This result was
obtained using the necessary (separately) and sufficient (separately) conditions for the feasibility
of the system of LMIs (5). As it turned out, the estimates under these conditions coincide; hence,
the resulting quadratic stability domain is entire. Note that the conditions from [3] essentially rest
on the triangular property of the system, i.e., ¢c; = co =c.

This section aims to repeat the result from [3] based on the criterion of Theorem 2. Although
the considerations below use a variant of Theorem 2 from Remark 2, this theorem does not include
the triangularity requirement.

The presentation here involves the auxiliary calculations from [3]. Obviously, the matrix A;
is Schur, |pi(A1)| < 1, since p;(A;) = —0.5, i = 1,3. The matrix Ay is Schur for k; € [0, 3.375),
whereas the matrix As is Schur for ky € [0, 0.25).

The functions W;(\) = ¢ (A — AE,,)~'b; from (16) have the form

Wi(A\) = —8kiA2/(2A +1)3 and Wa(X\) = —dka\/(2X + 1)3,

det (A — AE) = —(0.5 + \)3. Inequality (16) should be checked for all A € C such that |\| = 1. For
the set |A| = 1, we use the parameterization A = 1= for all w € [~o0, oc]. Let us calculate Wy(\)
1—iw

1+iw
and Wa(\) for A = 1 Tio- TTio

We write the real and imaginary parts of W; (
ing the simplified notations Re W (L;g) = Rj(w) = R;j and Im W (L;g) = I;(w) = I (see [3]):

) simultaneously adopt-

1—1 —8k1(1 + w?)(27 + 18w? — w?
R1:R1(w):Rer(1+2w>: 1(1+w?)(27 + 18w® — w?)

w (9 + w?)3 '
=, (1512) - S0
B = Ra(w) = Re W, G J:Zw) _ k(1 cg)f;—)fmz + w4)’ (19)
Iy = Ix(w) = Im Wy <1 +2:> = it —F(gwj_)fj;; — 1OW3).

In terms of (19), inequality (16) takes the form

- — —2 Iy — 1
7’1(1+R1) 1+ T — 13+ T Ro + 10l 1Ry —I—’iTl 9 — Tolq
D(w) = 2 2 > 0.

(o) 73+ (72 — 1) (R2 — R1)

Letting ko = k1 = k, we make the change w? = y > 0. It is required to find the largest domain [0, k*)
for which there exists a set of parameters 7; >0, 7 =1,2,3, such that D(w) = D(y) > 0 for
k € [0,k*) and all y > 0. Checking the inequality D(y) > 0 reduces to checking the inequalities

(A) Dy = 7’1(1 —I—Rl) > 0, (B) Doy = 13 + (7’2 —7’1)(R2 —Rl) > 0, (C) detD(y) > 0,
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where D;;j = D;;(y), i,j = 1,2, are the elements of the matrix D(y). (In fact, it suffices to check
(A) and (C).) Inequality (A) is equivalent to

Pi(y) = (9+y)’Du(y) = mi(1+ R)
=711(9+y)® — 87m1k(1 + y)(27 + 18y — y?)
= 71 (1 4 8k)y> + 11 (27 — 136k)y? + (243 — 360k)y + 7,27(27 — 8k) > 0.

The check of inequality (A) coincides with that of inequalities (7.4) and (7.5) from [3]. As was
shown in [3], for k£ < 0.44, the inequality P;(y) > 0 holds for all y > 0.

In view of Remark 3, we assume that 73 = 1 and, for brevity, 75 — 71 = 8. Then checking
inequality (B) reduces to checking the inequality

Po(y) = (9 + ) Daa(y) = (9 +y)* + 4kd(1 + y) (27 + 72y — 3y°)
= (1 — 12k8)y® + (27 + 276k6)y? + (243 + 396k3)y + 729 + 108k8 > 0.

Consider inequality (C):
det D = D11D22 — D12D—12 = D11D22 - (ReD12)2 - (ImD12)2 > 0.
With the notations P3(y) £ 2(9 4+ y)3 Re D1 and Py(y) = 2(9 + y)? Im D12, we have

Pg(y) 2(9 + y)3 Re Dlg(y) = 2(7‘1(R2 — Rl) + 5R1 + 46— 1) (9 + y)3,
Py(y) =29 +y)* Im D12(y) = 2(r1lo — 7211) (9 + y)*.

Using the expressions from (19) gives
P3(y) = y3[4k(26 — 371) + 6 — 1] + 42[27(6 — 1) + 4Kk(697) — 346)]
+y[9(27(0 — 1) — 40k6 + 44kT;)] + [27(27(0 — 1) — 4k(26 — 71))],

Py(y) = 4km1/y(1 + y)(10y — 54) + 64kT2y/y(1 + y)
= 4k\/y(1 + y)(11(10y — 54) + 1672y).

Inequality (C) is equivalent to

1 1
P(y) £ (9+y)°det D(y) = Pr(y) Pa(y) — 3 Pa(v)* = ; Pa()* > 0. (20)
The polynomial P(y) is of degree 6 in the variable y. Its coefficients fs = fs(k) for y® are functions
of k that depend on the additional parameters 7y and 75. The coefficient fg(k) of this polynomial
at 0 is

fo(k) = 71(1 + 8k)(1 — 12k8) — (1/4)[4k(26 — 371) + 6 — 1]%

The condition fg(k) > 0 is necessary for fulfilling P(y) > 0 for all y > 0. The function fg(k) repre-
sents a polynomial of degree 2 in the variable k. Its coefficient at k? is ag = —96710 — 4(26 — 371)% =
—4(2m2 +11)?, i.e., ag < 0 since 7; > 0. It follows that fs(k) is a concave function. The desired do-
main [0, k*) can be estimated from above by the half-interval [0, 0.25) (the Schur domain of the
matrix As). We check the values f5(0) and f(0.25) :

f6(0) = — (1/4)(6 — 1),
£6(0.25) = 71 (1 + 2)(1 — 38) — (1/4)((26 — 371) + 6 — 1)°.
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The condition fg(0) > 0 gives the parameter estimate 47 > (§ — 1)2. Let us transform the expres-
sion for f(0.25) :

ﬁ@a@:sﬁa—3®—i@a—&j—HQ:—%@5+&1—n2:—%@n—1f.

As a result, f(0.25) < 0 for all parameter values except for 75 = 1/3. Thus, letting 7 = 1/3 is the
single possibility to obtain the largest domain [0, £*) in which f§(0.25) > 0. If we take 72 = 1/3 and
define 71 so that fg(0) > 0, the concavity of fg(k) will imply fg(k) > 0 for all k£ € [0, 0.25). Partly
by chance, partly to obtain § = 0, we set 71 = 7o = 1/3. In this case, f(0) = 1/12 > 0.

As it turns out, for 7 = 19 = 1/3, the other coefficients fs(k), s =0,...,5, of the polynomial
6
P(y) = Y fs(k)y® from (20) are concave functions in the variable k. In addition, the inequalities
0

5=
fs(0) > 0 and f5(0.25) >0, s =0,...,5, hold for the values of these functions at the limit points
of the half-interval [0, 0.25). The tedious verification of this fact by elementary algebra techniques
is omitted here. Thus, we have fs(k) > 0 for all k£ € [0, 0.25), s =0,...,6. Hence, inequality (20)
is valid for all y > 0. According to Theorem 2, the quadratic stability domain of system (1;17)
is exhausted by the set [0, 0.25). Due to its coincidence with the Schur domain of the matrices
{A1, Ay, A3} defining system (1;17) (on the parameter k; = ko = k), this domain is the entire
stability domain of system (1;17) under arbitrary switching.

6. CONCLUSIONS

A connected system with switching between three linear discrete-time subsystems has been
considered. An existence criterion for a QLF of such systems has been established, both as a
frequency-domain condition and as feasibility conditions of a single LMI. As an illustrative example,
the frequency-domain criterion has been applied to a third-order system, analytically yielding its
entire quadratic stability domain on the parameter k. In the case under study, this domain coincides
with the entire stability domain of system (1;17) under arbitrary switching.

APPENDIX
Proof of Lemma 1. We define the new parameters
TLES+T, ToE 02+ T
Then
p1(L) + %cl = ATLby + %cl + %01 = ATLél + %6’1,
pa(L) ~pi(L) + Ger = Gen
AT by — AT by + 099 ;— T . d11 ;— el " (A.1)
:ﬂu@—m+@@—ﬁq:A%&+§@.
2 2 2
. - DEREE ) BTT R
It suffices to represent the matrix 2 in the form (BTLB - F) .
° —T3
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Considering blTLbQ £ §19 and b;Lbl £ §51, we write the matrix BTLB as
PN bl b/ L
T _ 1 _ _ 1 _

_ o1 012 — 011
021 — 011 022 — 2012 + 611 )

Thus, it is required to find the elements of the matrix I'= ||v;;||7;=; so that

(A.2)

-T2+ T3

- 5 011 — 11 012 — 011 — V12

9 = . A3

. - <521 — 011 — Y21 022 — 2012 + 011 — 722) (A:3)
—T3

Since —11 = 011 — 71, the equality of the elements {-};; of the matrices from (A.3) gives y11 = 71.
In view of —79 = d99 — T, the equality of the elements {-}12 leads to

TI—To+T3 —O0n+T7T1+00n—T+T3
5 = 5 = 012 — 011 — 712

Consequently,
011 + 022 + 71 — To + 73 = 2612 — 2712.
By the equality of the elements {-}92, we have
—T3 = 022 — 2012 + 011 — V22

Summing the last two equalities yields

TL — T2 = —2v12 — Y22

Letting 20 = 73, we obtain
Y12 = (—7/:1 +7/:2 — 7/:3)/2.

Thus,
. T — To + T3
! 2 = (BTLB-T),
] —1T3
where R
-~ N + T2 — T3
r=|[" 2
° T3
The proof of Lemma 1 is complete.
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